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EXISTENCE OF THE MATUI-SATO TRACIAL
ROKHLIN PROPERTY
MICHAEL SUN
Abstract. We show by construction that when G is an elemen-
tary amenable group and A is a unital simple nuclear and tracially
approximately divisible C∗-algebra, there exists an action ω of G
on A with the tracial Rokhlin property in the sense of Matui and
Sato. In particular, group actions with this Matui-Sato tracial
Rokhlin property always exist for unital simple separable nuclear
C∗-algebras with tracial rank at most one. If A is simple with
rational tracial rank at most one, then the crossed product A⋊ωG
is also simple with rational tracial rank at most one.
Introduction
One fundamental way to investigate the structure of a C∗-algebra
is through the study of its group actions. An indispensable part of
this theme is the crossed product construction. Given a group G, a
C∗-algebra A and a group action α of G on A, we can construct a
C∗-algebra A⋊αG called the crossed product. When G is discrete and
A is unital, we have the following presentation for the crossed product:
A⋊α G = 〈a, ug | a ∈ A, g ∈ G,αg(a) = ugau
∗
g〉.
Despite its innocent appearance, it can be quite a challenge to deter-
mine what kind of C∗-algebra is being represented.
This brings us to another interesting aspect of the study of C∗-
algebras. Namely the success of the classification of simple C∗-algebras
using the Elliott invariant. At the forefront of this success are the large
classes of unital simple separable nuclear (Z-stable) C∗-algebras satis-
fying the Universal Coefficient Theorem and having tracial rank zero,
tracial rank at most 1, rational tracial rank zero and rational tracial
rank at most 1, which were discovered to be classifiable by Lin [11], [12],
[14] and by Lin-Niu [9] and Lin-Winter [29]. Classifiable C∗-algebras
necessarily possess a property called Z-stability which is attracting a
lot of attention in work extending Elliott’s classification program, while
those C∗-algebras of tracial rank at most one are also known to belong
to a larger class of algebras called tracially approximately divisible C∗-
algebras.
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From the point of view of classification, the crossed product construc-
tion gives a way to explicitly construct algebras which belong to a large
class of classifiable C∗-algebras that were otherwise only identifiable by
their Elliott invariant. Conversely, the classification of C∗-algebras also
brings clarity to the crossed product construction itself by identifying
algebras otherwise only defined by generators and relations.
Of major interest with respect to these two themes is a property
of group actions called the tracial Rokhlin property. Its appeal comes
from the promise that algebras with desirable properties combined with
actions with the tracial Rokhlin property can be used to construct
crossed products with the same desirable properties and in many cases
to even have the crossed product belong to the same class of classifiable
algebras as the original algebra. Another advantage of great practical
importance is that this property is believed to exist in abundance,
which was lacking in its predecessor, the Rokhlin property.
The question of whether this property exists will be the main focus
of this article. Originally, the definition of the tracial Rokhlin property
was only stated for Z (Osaka-Phillips [24]) and finite groups (Phillips
[26]), and there is an existence type result for Z in Lin [10] together
with uniqueness. These build on the work of Kishimoto and others.
The definition was then extended to include discrete amenable groups
acting on certain Z-stable algebras in Matui-Sato [22] where it was
also shown that the crossed product retained the Z-stability of the
original algebra. We state their definition more generally for Z-stable
tracially approximately divisible C∗-algebras, which we will see is a
natural setting for their definition. We will construct in this article, for
every countable discrete group G and Z-stable C∗-algebra A, an action
ω of G on A to prove the following in Section 3 as Corollary 3.6.
Theorem. Given a countable discrete elementary amenable group G
and a unital simple separable Z-stable tracially approximately divisible
C∗-algebra A, then there exists a group action ω of G on A such that
ω has the tracial Rokhlin property.
Built into the construction of ω is a family of G-actions γ on the
Jiang-Su algebra Z, which we introduce in Section 2. A preliminary
investigation is also undertaken to ascertain the classifiability of Z⋊γG
and A⋊ω G in Sections 4 and 5. We show
Theorem. Suppose A is a unital simple Z-stable C∗-algebra with ra-
tional tracial rank at most one, suppose G belongs to the class of groups
generated by finite and abelian groups under increasing unions and tak-
ing subgroups and suppose ω is the action constructed to prove the
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above. Then A⋊ω G is a unital simple Z-stable C
∗-algebra with ratio-
nal tracial rank at most one.
Remark. As one would have it, very recent results of Ozawa-Rørdam-
Sato [25] imply that we can extend this to all elementary amenable
groups. The difference in their result comes entirely from them being
able to establish the Universal Coefficient Theorem for the crossed
products they consider.
We can also replace rational tracial rank at most one by the classes
of tracial rank zero or at most one and rational tracial rank zero and
get the same result. This shows there is always an action present that
has the tracial Rokhlin property and preserves the tracial rank.
Acknowledgements. I would like to thank Huaxin Lin for his advice
and Yasuhiko Sato for showing me a proof of [22, Lemmas 6.12, 6.13]
and the referee for suggesting many helpful improvements. Most of this
was done at the Research Center for Operator Algebras in Shanghai
and can be found as a part of the author’s PhD thesis.
Notation. We adopt the following conventions throughout this article:
• Denote the cardinality of a set S by |S|.
• Write a ≈ǫ b to stand for ‖a− b‖ < ǫ.
1. The tracial Rokhlin property for discrete groups
We define the tracial Rokhlin property and strong outerness for dis-
crete group actions on C∗-algebras with reference to Matui-Sato [22].
Definition 1.1. Let G be a countable discrete group, let F ⊂ G be
a finite subset and let ǫ > 0. We say a finite subset K of G is (F, ǫ)-
invariant if K 6= ∅ and∣∣∣∣∣K ∩
⋂
g∈F
g−1K
∣∣∣∣∣ ≥ (1− ǫ)|K|.
Definition 1.2. A countable discrete group G is said to be amenable
if an (F, ǫ)-invariant subset exists from any (F, ǫ). The group G is said
to be elementary amenable if it is contained in the smallest class of
groups that contains all abelian groups, all finite groups and is closed
under taking subgroups, quotients, direct limits and extensions.
The following definition of tracial Rokhlin property appears in Matui-
Sato [22] with the assumption of tracial rank zero and will be our work-
ing definition throughout this article with the assumption of tracial
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rank zero relaxed. When A has strict comparison, this is equivalent to
a natural generalization of the tracial Rokhlin property with the trace
condition replaced by a Cuntz relation.
Let T (A) denote the tracial state space of A.
Definition 1.3. A group action α of G on a C∗-algebra A has the
Matui-Sato tracial Rokhlin property if for every finite subset F ⊂ G
and ǫ > 0, there is a finite (F, ǫ)-invariant subset K in G and a central
sequence (pn)n∈N in A consisting of projections such that
• limn→∞ αg(pn)αh(pn) = 0 for all g, h ∈ K such that g 6= h
• limn→∞maxτ∈T (A) |τ(pn)− |K|
−1| = 0.
There is also the weaker notion of this for algebras without projec-
tions called the weak Rokhlin property (Matui-Sato [22, Definition 2.5]).
Here is a condition which is a priori weaker than the properties above.
Definition 1.4. Let A be a C∗-algebra and πτ be the representation
obtained from the Gelfand-Naimark-Segal construction with respect to
the tracial state τ . An automorphism is said to be weakly inner if it is
inner when considered as an automorphism of the weak closure πτ (A)
′′
for some trace τ invariant under the automorphism. An action α of G
on A is strongly outer if αg is not weakly inner for all g ∈ G \ {1}.
The next lemma is taken from Matui-Sato [22, Lemmas 6.12, 6.13].
Lemma 1.5. Let A be a simple C∗-algebra with unique trace τ and α
an action of a group G on A such that αg 6= id when g 6= 1.
Then α⊗N =
⊗
n∈N α is a strongly outer action on A
⊗N =
⊗
n∈NA.
Proof. Let g ∈ G \ {1}. Since the unitary group U(A) spans A and
αg 6= id, there is vg ∈ U(A) such that αg(vg) 6= vg. Now define a central
sequence in A⊗N as follows:
vg(n) = 1⊗ · · · ⊗ 1⊗ vg ⊗ 1⊗ · · · ⊗ 1⊗ . . . ,
where vg appears in the n-th factor and 1 appears in every other factor.
Let ‖a‖2 = supτ∈T (B) τ(a
∗a)1/2, which is a norm on A. We will show
that if α⊗Ng is weakly inner then
‖α⊗Ng (vg(n))− vg(n)‖2 → 0,
which contradicts the sequence being constant and non-zero as follows:
‖α⊗Ng (vg(n))− vg(n)‖
2
2 = τ
⊗N(1A⊗(N\{n}) ⊗ ((αg(vg)− vg)
∗(αg(vg)− vg)))
= τ((αg(vg)− vg)
∗(αg(vg)− vg))
= ‖αg(vg)− vg‖
2
2.
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Now assume there is a unitary u ∈ πτ (A)
′′ such that α⊗Ng = Ad u on
πτ (A)
′′. Then there is a sequence (xk)k∈N in πτ (A) such that xk → u
strongly. Such a u allows us to extend πτ to a representation of A⋊αg Z
and τ to a trace on A⋊αg Z by
τA⋊Z(x) = 〈πA⋊Z(x)1˜, 1˜〉,
where 1˜ is the cyclic vector that appears in the definition of the GNS-
representation. Let ǫ > 0, fix k so that ‖u − xk‖2,A⋊Z ≈ǫ/2 0 by
way of xk strongly converging to u, and let n be large enough so that
[xk, vg(n)] ≈ǫ 0, which is possible because vg(n) is a central sequence.
We now calculate:
‖α⊗Ng (vg(n))− vg(n)‖2,A = ‖uvg(n)u
∗ − vg(n)‖2,A⋊Z
= ‖uvg(n)− vg(n)u‖2,A⋊Z
(‖ab‖2 ≤ ‖a‖2‖b‖) ≤ 2‖u− xk‖2,A⋊Z + ‖xkvg(n)− vg(n)xk‖
≈ǫ ‖xkvg(n)− vg(n)xk‖
≈ǫ 0.

Lemma 1.6. Let A be a simple C∗-algebra with unique trace and α an
action of a group G on A such that αg 6= id when g 6= 1. Let A0 be any
simple C∗-algebra and α0 any action of G on A0, then α0 ⊗ α
⊗N is a
strongly outer action on A0 ⊗ A
⊗N.
Proof. Since the argument used in the proof of Lemma 1.5 only relies
on the properties of the limit of ‖α⊗Ng (wg(n))−wg(n)‖2, we are free to
change the first factor without affecting the conclusion. 
Theorem 1.7 (Matui-Sato). Let A be a unital simple separable C∗-
algebra with tracial rank zero and with finitely many extremal tracial
states. Let G be a countable discrete elementary amenable group. Then
an action of G on A has the tracial Rokhlin property if and only if it
is strongly outer.
Proof. This is Matui-Sato [22, Theorem 3.7] specialized to actions and
to elementary amenable groups. 
Note this works more generally for groups satisfying the so-called
property (Q).
2. A family of group actions on the Jiang-Su algebra
We will introduce the Jiang-Su algebra Z via its properties in the
following proposition and only rely on these in later sections.
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Proposition 2.1. The Jiang-Su algebra Z is a unital simple separable
nuclear C∗-algebra with a unique tracial state and an isomorphism
Z ∼= lim−→
(
Z⊗n, idZ⊗n ⊗1
)
.
Proof. This appeared as [5, Theorem 2.9, Corollary 8.8]. 
Another important example is the universal UHF-algebra Q.
Definition 2.2. Let G be a countable discrete group and identify Z
with Z⊗G =
⊗
g∈GZ using Lemma 2.1 and countability of G. Now
define an action β of G on Z via this identification by
βg :
⊗
h∈G
zh 7→
⊗
h∈G
zg−1h.
Again using Lemma 2.1 to identify Z with Z⊗N =
⊗
n∈NZ, we define
the action γ of G on Z by
γg :
⊗
n∈N
zn 7→
⊗
n∈N
βg(zn).
For any group automorphism ϕ, we define βϕ to be the action of G on
Z given by g 7→ (ϕ ◦ β)g. So we have that β
idG = β. We can define γϕ
analogously using βϕ instead of β and also get that γidG = γ.
We first show that all of the βϕ are conjugate for different ϕ so we
only need to consider β idG = β from here without loss of generality. A
similar thing happens when a different ordering of G is taken to define
the infinite tensor product.
Proposition 2.3. Let ϕ be a group automorphism of G and let ϕˆ
denote the induced automorphism on Z given by
ϕˆ : z =
⊗
h∈G
zh 7→
⊗
h∈G
zϕ(h).
Then for all g ∈ G, we have
βϕg = ϕˆ ◦ βg ◦ ϕˆ
−1.
Proof. This is a straightforward calculation. 
Theorem 2.4. Suppose G is a countable discrete group. Then γ is
conjugate to β. In particular, both γ and β are strongly outer.
Proof. Since βg 6= id for all g ∈ G \ {1} and Z has unique trace, we
apply Lemma 1.5 with α = β and A = Z to get that γ is strongly
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outer. Now we annotate with subscripts our copies of Z in the tensor
product decomposition of Z⊗G to emphasise their position. That is,
Z⊗G =
⊗
h∈G
Zh.
The action β acts by permuting these factors. We note that for each
h, the factor Zh can be further decomposed using Lemma 2.1 into an
infinite tensor product of copies of Z, where we denote each copy by
Z
(l)
h to emphasise its placement in the decomposition of Zh. That is,
Zh ∼=
⊗
l∈N
Z
(l)
h .
We see that for each l ∈ N, β leaves the subalgebra Z(l) =
⊗
h∈GZ
(l)
h
invariant and we recover the action β when we identify Z(l) with Z.
Hence we have that β is conjugate to β⊗N acting on
⊗∞
l=1Z
(l), which
is conjugate to γ acting on Z. 
3. Group actions on tracially approximately divisible
C∗-algebras
Recall that a C∗-algebra A is called Z-stable if A⊗ Z ∼= A.
Definition 3.1. Let γ be as in Definition 2.2. For any C∗-algebra A,
define the action ωA on A⊗Z by
ωA = idA⊗γ.
Remark 3.2. If A is unital, the action ωA is pointwise approximately
inner because all automorphisms on Z are approximately inner. If A
is Z-stable, ωA gives an action on A which we will also call ωA.
Let Mk denote the full k×k matrix algebra with identity written 1k.
Lemma 3.3. Suppose G be an elementary amenable group. Then for
any finite subset F ⊂ G and ǫ > 0, there is a finite (F, ǫ)-invariant
subset K of G such that for each n ∈ N there is m(n) ∈ N and a
projection qn ∈Mm(n) ⊗ Z satisfying the following
ω
Mm(n)
g (qn)ω
Mm(n)
h (qn) ≈1/n 0 for all g, h ∈ K with g 6= h,
τ(qn) ≈1/n |K|
−1.
Proof. Let F be a finite subset of G and let ǫ > 0. By Lemma 1.6,
id⊗γ is a strongly outer action on Q⊗ Z. Therefore by Theorem 1.7
it also has the tracial Rokhlin property. So we have from Definition
1.3 a finite subset K in G and a central sequence (q′n) consisting of
projections in Q⊗Z such that for all g, h ∈ K with g 6= h, we have
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• limn→∞(idQ⊗γg)(q
′
n)(idQ⊗γh)(q
′
n) = 0,
• limn→∞maxτ∈T (Q⊗Z) |τ(q
′
n)− |K|
−1| = 0.
By passing to a subsequence if necessary and noting that Q ⊗ Z has
unique trace, we have
(idQ⊗γg)(q
′
n)(idQ⊗γh)(q
′
n) ≈1/3n 0 for all g, h ∈ K with g 6= h,
τ(q′n) ≈1/n |K|
−1.
Since Q is a UHF-algebra, there are m(n) and q′′n ∈ Mm(n) self-adjoint
such that q′n ≈1/15n q
′′
n. Hence by functional calculus there is a projec-
tion qn ∈ Mm(n) such that qn ≈5/15n q
′
n. We see now, since automor-
phisms are isometric and idQ⊗γ restricts to idm(n)⊗γ on Mm(n) ⊗ Z,
that
(idm(n)⊗γg)(qn)(idm(n)⊗γh)(qn) ≈1/3n (idQ⊗γg)(q
′
n)(idm(n)⊗γh)(qn)
≈1/3n (idQ⊗γg)(q
′
n)(idQ⊗γh)(q
′
n)
≈1/3n 0 for all g, h ∈ K with g 6= h.
We also have
τ(qn) = τ(q
′
n) ≈1/n |K|
−1.

Definition 3.4. Let A be a unital simple separable C∗-algebra with
strict comparison. We say that A is tracially approximately divisible if
for every ǫ > 0, every n ∈ N, every finite subset {a1, a2, . . . ak} ⊂ A,
there exists N > n and a ∗-homomorphism ϕ : MN → A such that for
all i ≤ k, e ∈MN with ‖e‖ ≤ 1 and τ ∈ T (A),
• [ai, ϕ(e)] ≈ǫ 0,
• supτ∈T (A) |1− τ(ϕ(1N))| ≈ǫ 0.
Remark. The definition above is equivalent to that with the third con-
dition replaced by the standard Cuntz relation. In this case they are
tracially Z-stable (see [4, Definition 2.1, Theorem 3.3]) and will neces-
sarily have strict comparison even if it is not explicitly assumed.
Theorem 3.5. If A is a unital simple separable tracially approximately
divisible C∗-algebra, G is a countable discrete elementary amenable
group and ωA is an action of G on A ⊗ Z as in Definition 3.1, then
ωA has the tracial Rokhlin property.
Proof. Let F be a finite subset of G and let ǫ > 0. We aim to show that
there is a finite (F, ǫ)-invariant subset K in G and a central sequence
(pn)n∈N consisting of projections in A⊗Z such that
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• limn→∞ ω
A
g (pn)ω
A
h (pn) = 0 for all g, h ∈ K,
• limn→∞maxτ∈T (A⊗Z) |τ(pn)− |K|
−1| = 0.
We begin by introducing some notation for this proof. Define
Z⊗n =
⊗
j≤n
Z with action β⊗n = ⊗j≤nβ,
and
Z⊗(N\n) =
⊗
j>n
Z with action β⊗(N\n) = ⊗j>nβ.
There are obvious action preserving isomorphisms
ρn : (Z, γ)→ (Z
⊗n ⊗ Z⊗(N\n), β⊗n ⊗ β⊗(N\n))
and
σn : (Z, γ)→ (Z
⊗(N\n), β⊗(N\n)).
Fix a dense sequence x1, x2, . . . in A ⊗ Z. We will proceed to define
for each n ∈ N a projection pn to satisfy our initial requirements. To
do this, it will be helpful to also establish for j ≤ n,
[pn, xj ] ≈5/n 0.
Let n ∈ N. Find ai,j ∈ A and zi,j ∈ Z such that for j ≤ n, we have
xj ≈1/n
l(j)∑
i=1
ai,j ⊗ zi,j.
Write
Ln =
∑
j≤n
∑
i≤l(j)
‖ai,j‖.
There exists n′ ∈ N such that for all j ≤ n and i ≤ l(j), there are
z′i,j ∈ Z
⊗n′ satisfying
ρn′(zi,j) ≈ 1
nLn
z′i,j ⊗ 1Z⊗(N\n′).
Define an action preserving isomorphism
χn : A⊗ Z → A⊗ Z
⊗n′ ⊗ Z
by
χn = (idA⊗Z⊗n′ ⊗σ
−1
n′ ) ◦ (idA⊗ρn′).
For j ≤ n and i ≤ l(j), we get
(1) χn(xj) ≈ 2
n
l(j)∑
i=1
ai,j ⊗ z
′
i,j ⊗ 1Z .
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(The calculation for (1) is included here for convenience)∥∥∥∥∥∥χn(xj)−
l(j)∑
i=1
ai,j ⊗ z
′
i,j ⊗ 1Z
∥∥∥∥∥∥ ≈1/n
∥∥∥∥∥∥
l(j)∑
i=1
ai,j ⊗ ((id⊗σ
−1
n′ )ρn′(zi,j)− z
′
i,j ⊗ 1Z)
∥∥∥∥∥∥
=
∥∥∥∥∥∥
l(j)∑
i=1
ai,j ⊗ ((id⊗σ
−1
n′ )(ρn′(zi,j)− z
′
i,j ⊗ 1Z⊗(N\n′)))
∥∥∥∥∥∥
≤
l(j)∑
i=1
‖ai,j‖‖((id⊗σ
−1
n′ )(ρn′(zi,j)− z
′
i,j ⊗ 1))‖
=
l(j)∑
i=1
‖ai,j‖‖ρn′(zi,j)− z
′
i,j ⊗ 1))‖
≤
l(j)∑
i=1
‖ai,j‖
1
nLn
=
1
nLn
l(j)∑
i=1
‖ai,j‖
≤
Ln
nLn
=
1
n
.
We now apply Lemma 3.3 to get an m ∈ N, a finite (F, ǫ)-invariant
subset K of G and a projection qn ∈Mm ⊗ Z satisfying:
((idm⊗γg)(qn)) ((idm⊗γh)(qn)) ≈1/n 0 for all g, h ∈ K with g 6= h,
(τm ⊗ τZ)(qn) ≈1/n |K|
−1.
Thinking of qn as a matrix with entries yk,l ∈ Z, we have
qn =
m∑
k,l=1
ek,l ⊗ yk,l,
where the ek,l are standard matrix units. Also define for convenience,
L′n =
n∑
j=1
l(j)∑
i=1
m∑
k,l=1
‖yk,l‖‖z
′
i,j‖.
Since A is tracially approximately divisible, there exists by Definition
3.4, an m′ ∈ N, a ∗-homomorphism ϕ : Mm′ → A, satisfying for all
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j ≤ n, i ≤ l(j), and e ∈Mm′ with ‖e‖ ≤ 1,
[ai,j , ϕ(e)] ≈ 1
nL′n
0(2)
τ(ϕ(1m′)) ≈ 1
n
1(3)
m′ > mn.(4)
Now write m′ = Nm + r with 0 ≤ r < m, and N ∈ N and define an
embedding
ψn : Mm ⊗Z →֒ A⊗ Z
⊗n′ ⊗ Z
on generators for e ∈Mm and z ∈ Z by
e⊗ z 7→ ϕ(diag(e⊗ 1N , 0r))⊗ 1⊗ z,
where diag(e ⊗ 1N , 0r) denotes a block diagonal matrix with the first
N blocks e and zeros for the remaining r × r block. We see that this
embedding respects the group action and the image of qn is
(5) ψn(qn) =
m∑
k,l=1
ϕ(diag(ek,l ⊗ 1N , 0r))⊗ 1⊗ yk,l.
We now define the promised projections pn ∈ A⊗ Z by
pn = (χ
−1
n ◦ ψn)(qn).
We first check for all j ≤ n that
[pn, xj ] ≈5/n 0.
Let j ≤ n. Then
χn([pn, xj ]) = [χn(pn), χn(xj)]
= [ψn(qn), χn(xj)]
(use (1)) ≈ 4
n

ψn(qn), l(j)∑
i=1
ai,j ⊗ z
′
i,j ⊗ 1Z


(use (5)) =
l(j)∑
i=1
m∑
k,l=1
[ϕ(diag(ek,l ⊗ 1N , 0r))⊗ 1⊗ yk,l, ai,j ⊗ z
′
i,j ⊗ 1Z ]
=
l(j)∑
i=1
m∑
k,l=1
[ϕ(diag(ek,l ⊗ 1N , 0r)), ai,j]⊗ z
′
i,j ⊗ yk,l
(use (2)) ≈1/n 0.
We now show that (pn)n∈N satisfies the conditions in the definition of
the tracial Rokhlin property.
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• It is clear that K is a finite (F, ǫ)-invariant subset of G.
• The sequence (pn)n∈N is central: Let x ∈ A⊗Z and ǫ > 0. We
have from density that for some j ∈ N,
x ≈ǫ xj .
Now let n ≥ j be such that 1/n < ǫ, then
χn([pn, x]) = [χn(pn), χn(x)]
≈2ǫ [χn(pn), χn(xj)]
≈5/n 0.
Hence for our choice of n we have
[pn, x] ≈7ǫ 0.
• Orthogonality: Let g, h ∈ K with g 6= h. Then
χn(ω
A
g (pn)) = ω
A
g (χn(pn))
= (id⊗β⊗n
′
g ⊗ γg)(ψn(qn))
= (id⊗ id⊗γg)(ψn(qn))
= ψn((id⊗γg)(qn)).
So
χn(ω
A
g (pn)ω
A
h (pn)) = χn(ω
A
g (pn))χn(ω
A
h (pn))
= ψn((id⊗γg)(qn))ψn((id⊗γh)(qn))
= ψn((id⊗γg)(qn)(id⊗γh)(qn))
≈1/n 0.
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• Trace condition: let τ ∈ T (A), and let τZ and τk be the unique
tracial states on Z and Mk respectively. Then
(τ ⊗ τZ)(pn) = (τ ⊗ τZ⊗n′ ⊗ τZ)(χn(pn))
= (τ ⊗ τZ⊗n′ ⊗ τZ)(ψn(qn))
= (τ ⊗ τZ)(qn)
= (τ ⊗ τZ)(ϕ(diag(1m ⊗ 1N , 0r))⊗ 1Z)(τm ⊗ τZ)(qn)
= τ(ϕ(diag(1m ⊗ 1N , 0r)))(τm ⊗ τZ)(qn)
= τ(ϕ(1m′))τm′(diag(1m ⊗ 1N , 0r))(τm ⊗ τZ)(qn)
=
m′ − r
m′
τ(ϕ(1m′))(τm ⊗ τZ)(qn)
(use (3)) ≈1/n τ(ϕ(1m′))(τm ⊗ τZ)(qn)
(use (4)) ≈1/n (τm ⊗ τZ)(qn)
≈1/n |K|
−1.
Therefore we have
max
τ∈T (A⊗Z)
|τ(pn)− |K|
−1| ≤
3
n
,
from which it follows the limit is 0. 
Corollary 3.6. For any unital simple separable Z-stable tracially ap-
proximately divisible C∗-algebra A and any discrete countable elemen-
tary amenable group G, there exists a pointwise approximately inner
action ω of G on A with the tracial Rokhlin property. Furthermore, ω
can be taken to be isomorphic to ωA from Theorem 3.5.
Proof. If A is Z-stable, ωA in Theorem 3.5 is such an action on A. 
Corollary 3.7. For any unital simple separable nuclear tracially ap-
proximately divisible C∗-algebra A and any discrete countable elemen-
tary amenable group G, there exists a pointwise approximately inner
action ω of G on A with the tracial Rokhlin property. Furthermore, ω
can be taken to be isomorphic to ωA from Theorem 3.5.
Proof. Since simple tracially approximately divisible algebras are tra-
cially Z-stable ([4, Definition 2.1]), then A being nuclear implies it is
in fact Z-stable (see [4, Theorem 4.1]). Now use Corollary 3.6. 
Corollary 3.8. If A is a unital simple separable nuclear infinite di-
mensional C∗-algebra of tracial rank at most one and G is any discrete
countable elementary amenable group, then there exists a pointwise ap-
proximately inner action ω of G on A with the tracial Rokhlin property.
Furthermore, ω can be taken to be isomorphic to ωA from Theorem 3.5.
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Proof. Lin [14, Theorem 5.4] shows that A is tracially approximately
divisible. Since A is also nuclear, we can apply Corollary 3.7. 
Note this works more generally for groups satisfying the so-called
property (Q) in [22].
4. The crossed products Z ⋊γ G
Let γ be as in Definition 2.2. We investigate the classifiability of
Z ⋊γ G by examining its rational tracial rank, that is, the tracial rank
of Q⊗ (Z⋊γG). Also recall from Theorem 2.4 that Z⋊γG ∼= Z⋊βG.
We first summarize what can be deduced in a straightforward manner
from the literature about Z ⋊γ G in the following proposition.
Proposition 4.1. If G is a countable discrete amenable, then Z ⋊γ G
• is unital and separable,
• simple,
• has a unique tracial state,
• is nuclear,
• and is Z-stable if G is elementary amenable.
Proof. The crossed product is unital and separable since Z is unital and
separable, and G is discrete and countable. We first give an argument
here that Z ⋊γ G has unique trace with reference to Kishimoto [7].
Now it suffices to show that Q ⊗ (Z ⋊γ G) has unique trace. But we
have Q⊗ (Z ⋊γ G) ∼= (Q⊗ Z) ⋊id⊗γ G and id⊗γ = ω
Q is a strongly
outer action (by Lemma 1.6) on Q ⊗ Z, which is isomorphic to Q.
So [7, Theorem 4.5] says that ωQ is pointwise uniformly outer. Now
the proof of [7, Lemma 4.3] applied to each automorphism gives the
result. For simplicity use Kishimoto [6, Theorem 3.1]. For nuclearity
use Rosenberg [20, Theorem 1]. For Z-stablity use Matui-Sato [22,
Corollary 4.11]. 
Recall that if A ⊂ B(H) is separable then A is a quasidiagonal
set of operators if there exists an increasing sequence of finite rank
projections, q1 ≤ q2 ≤ q3 . . . , such that for all a ∈ A, [a, qn] → 0 and
qn → 1H strongly. A separable C
∗-algebra is quasidiagonal if it has a
faithful representation whose image is a quasidiagonal set of operators.
Remark 4.2. It is clear from this definition that a subalgebra of a qua-
sidiagonal C∗-algebra is quasidiagonal.
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Corollary 4.3. The following are equivalent:
• Z ⋊γ G is quasidiagonal
• Z ⋊γ G has rational tracial rank zero
• Z ⋊γ G has rational tracial rank at most one.
Proof. If Z ⋊γ G is quasidiagonal, then Proposition 4.1 combined with
Matui-Sato [23, Theorem 6.1] allows us to conclude that Z ⋊γ G has
rational tracial rank zero. The next implication is obvious. Finally, if
Z ⋊γ G has rational tracial rank at most one, then it is isomorphic to
a subalgebra of Q⊗ (Z ⋊γ G). Since Q⊗ (Z ⋊γ G) has tracial rank at
most one, it is quasidiagonal by Lin [17, Corollary 6.7]. Hence Remark
4.2 tells us that Z ⋊γ G is quasidiagonal. 
To establish a condition for all elementary amenable groups it suffices
by [2] and [3] to show it for abelian groups, finite groups and that the
condition is preserved by increasing unions, extensions by finite groups
and extensions by Z.
Proposition 4.4. Suppose G = lim−→(Gi, ϕi) with ϕi injective. Then the
Z ⋊βi Gi are quasidiagonal if and only if Z ⋊β G is quasidiagonal.
Proof. It suffices to show that Z ⋊β G is an injective inductive limit of
the Z ⋊βi Gi. Use the injectivity of ϕi to define a ∗-homomorphism
Ψi : Z
⊗Gi → Z⊗Gi+1,
on generators by
z =
⊗
g∈Gi
zg 7→ 1Z⊗(Gi+1\ϕi(Gi)) ⊗
⊗
h∈ϕi(Gi)
zϕ−1i (h).
We check this is covariant with respect to βi. For g ∈ Gi, we have
ϕi(g)Ψi(z)ϕi(g)
∗ = βi+1ϕi(g)

1Z⊗(Gi+1\ϕi(Gi)) ⊗ ⊗
h∈ϕi(Gi)
zϕ−1i (h)


= 1Z⊗(Gi+1\ϕi(Gi)) ⊗
⊗
h∈ϕi(Gi)
zϕ−1i (ϕi(g)−1h)
= 1Z⊗(Gi+1\ϕi(Gi)) ⊗
⊗
h∈ϕi(Gi)
zg−1ϕ−1i (h)
= Ψi
(⊗
h∈Gi
zg−1h
)
= Ψi(β
i
g(z)).
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So we have a sequence of injective maps Ψi ⋊ ϕi : Z ⋊βi Gi → Z ⋊βi+1
Gi+1, whose limit we now show is isomorphic to Z
⊗G
⋊βG. First notice
that lim
−→
(Z⊗Gi ,Ψi) ∼= Z
⊗G and get the obvious maps
Z⊗Gi →֒ Z⊗G →֒ Z⊗G ⋊β G
and
Gi →֒ G →֒ Z
⊗G
⋊β G.
We can show covariance in much the same way as before to get
Z⊗Gi ⋊βi Gi →֒ Z
⊗G
⋊β G.
We check that these maps are compatible with the increasing i and
conclude there is an injective map
lim−→(Z
⊗Gi ⋊βi Gi,Ψi ⋊ ϕi) →֒ Z
⊗G
⋊β G.
This map is also surjective because its image contains Z⊗G and G,
which generate the target algebra. 
Proposition 4.5. If G is a finite group, then Z⋊γG is quasidiagonal.
Proof. Let n = |G|. We define an embedding of Z ⋊γ G into Mn(Z) as
follows. First define A→Mn(Z) for a ∈ A by
a 7→ diag(γg(a))g∈G.
Then define G → U(Mn) ⊗ 1Z → U(Mn(Z)) via its left regular rep-
resentation. One check that these satisfy the covariance relations and
hence we get our embedding after noting Z ⋊γ G is simple. 
Remark 4.6. This can be generalized using an elementary argument to
show that the class of G for which Z⋊γG is quasidiagonal is preserved
by finite extensions (see for example [25, Proposition 2.1 (iv)]).
Proposition 4.7. If G is a countable discrete abelian group, then Z⋊γ
G is quasidiagonal.
Proof. Lin [18, Theorem 9.11] shows that if the crossed product of any
AH-algebra and any finitely generated abelian group has an invariant
tracial state, then the crossed product is quasidiagonal. We apply this
to (Q⊗Z)⋊id⊗γG ∼= Q⊗(Z⋊γG) when G is a finitely generated abelian
group to show the crossed product is quasidiagonal. Now Z ⋊γ G is a
subalgebra of Q ⊗ (Z ⋊γ G) and hence quasidiagonal. The condition
on G being finitely generated can be removed by Proposition 4.4. 
Remark 4.8. If we examine this proof, we see that it will show that the
class ofG for which Z⋊γG is quasidiagonal is preserved by Z-extensions
provided Z⋊γG satisfies the UCT. This was done forM2∞⋊βG in [25]
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by noticing that it is a groupoid and applying results of Tu [28]. So
M2∞⋊βG is quasidiagonal, which implies Z⋊γG ∼= Z⋊βG ⊂M2∞⋊βG
is quasidiagonal.
We now summarize this section.
Theorem 4.9. Let γ be as in Definition 2.2 and let G be a countable
discrete elementary amenable group. Then Z⋊γG is a unital separable
simple nuclear Z-stable C∗-algebra with rational tracial rank zero.
Proof. We combine Propositions 4.4, 4.5 and 4.7 along with Remarks
4.6 and 4.8 to get Z ⋊γ G is quasidiagonal for all elementary amenable
G and hence has rational tracial rank zero by Corollary 4.3. The re-
maining properties are those listed in Proposition 4.1. 
Corollary 4.10. Let γ be as in Theorem 4.9. Then Z ⋊γ Z is unital
separable simple nuclear Z-stable with rational tracial rank zero and a
unique tracial state as well as satisfying the UCT. Also for i = 0 or 1,
Ki(Z ⋊γ Z) = Z.
Proof. Putting G = Z in Theorem 4.9 shows that Z ⋊γ Z is unital
separable simple nuclear Z-stable with unique tracial state and rational
tracial rank zero. Crossed products by Z always satisfy the UCT. The
K-groups are obtained using the Pimsner-Voiculescu six-term exact
sequence. 
We also know that every other strongly outer Z-action is outer con-
jugate to γ by Sato [27, Theorem 1.3].
5. The crossed products A⋊ω G
Let A be a unital C∗-algebra and G a discrete group. Let ω be as
in Definition 3.1 and γ as in Definition 2.2. If A is Z-stable, then ω is
conjugate to an action of G on A that we will also call ω.
Proposition 5.1. For g ∈ G let ug and u
′
g be the implementing uni-
taries for ωg and γg respectively. There is an isomorphism
i : (A⊗ Z)⋊ω G→ A⊗ (Z ⋊γ G),
such that
i : (a⊗ z)ug 7→ a⊗ (zu
′
g).
Proof. This is standard. 
Corollary 5.2. Z ⋊γ G ∼= Z ⋊ω G. 
Lemma 5.3. If A is Z-stable, then there is a ∗-isomorphism
Q⊗ (A⋊ω G) ∼= (Q⊗ A)⊗ ((Z ⋊γ G)⊗Q).
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Proof. We use Q ∼= Q⊗Q and Proposition 5.1 to write
(Q⊗A)⊗ ((Z ⋊γ G)⊗Q) ∼= Q⊗ (A⊗ (Z ⋊γ G))
∼= Q⊗ ((A⊗ Z)⋊ω G)
∼= Q⊗ (A⋊ω G).
Now since A is Z-stable, we are done. 
Proposition 5.4. Suppose A is a unital separable Z-stable C∗-algebra
and G is any countable discrete amenable group. Then A ⋊ω G is a
unital separable Z-stable C∗-algebra and we also have:
• If A is simple, then A⋊ω G is simple.
• If A is nuclear, then A⋊ω G is nuclear.
• T (A⋊ω G) = T (A).
• If A has real rank zero, then A⋊ω G has real rank zero.
Proof. For Z-stablity we use Proposition 5.1 to get
Z ⊗ (A⋊ω G) ∼= Z ⊗ (A⊗ (Z ⋊γ G))
∼= (Z ⊗ A)⊗ (Z ⋊γ G).
∼= A⊗ (Z ⋊γ G)
∼= A⋊ω G.
Propositions 4.1 and 5.1 imply all but the last two claims. For the tra-
cial state spaces, let τγ be the unique tracial state on Z⋊γG (Proposi-
tion 4.1) and define a map T (A)→ T (A⊗(Z⋊γG)) given by τ 7→ τ⊗τγ .
This map is obviously affine and injective, while for surjectivity we
make use of a brief argument which can be found as [8, Lemma 5.15].
Now by Proposition 5.1 we have that T (A⊗ (Z ⋊γ G)) ∼= T (A⋊ω G).
Since our algebras are Z-stable, we use the characterization of real rank
zero by Rørdam [19, Theorem 7.2] that K0(A) is uniformly dense in the
space of affine functions on T (A) under the standard mapping ρA got-
ten by evaluation. Since K0(A) ⊂ K0(A⋊ωG) via p 7→ p⊗1, under the
identification T (A) = T (A ⋊ω G), ρA⋊ωG(K0(A)) = ρA(K0(A)), which
is already uniformly dense. Hence the image of ρA⋊ωG is uniformly
dense and we are done. 
Theorem 5.5. Suppose A is a unital separable simple nuclear Z-stable
C∗-algebra and G is a countable discrete elementary amenable group.
Let ω be as in Definition 3.1 and let γ be as in Definition 2.2. Then
A⋊ω G is a unital separable simple nuclear Z-stable C
∗-algebra and:
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• If A has rational tracial rank at most one, then A ⋊ω G has
rational tracial rank at most one.
• If A has rational tracial rank zero, then A ⋊ω G has rational
tracial rank zero.
• If A has tracial rank at most one, satisfies the UCT and Z⋊γG
satisfies the UCT, then A⋊ωG has tracial rank at most one and
satisfies the UCT.
• If A has tracial rank zero, satisfies the UCT and Z⋊γG satisfies
the UCT, then A ⋊ω G has tracial rank zero and satisfies the
UCT.
Proof. By Proposition 5.4, the conditions of being unital, separable,
simple, nuclear and Z-stable, are retained by the crossed product. To
determine the rational tracial rank of A ⋊ω G we use Lemma 5.3 and
apply Hu-Lin-Xue [16, Theorem 4.8], which says that the tracial rank
of a tensor product is bounded by the sum of the tracial ranks of the
factors, to the algebra on the right hand side of the lemma. The tracial
rank of Q⊗ (Z ⋊γ G) is zero by Theorem 4.9, which means the tracial
rank is bounded by the rational tracial rank of A. This gives us both
claims about rational tracial rank. Now we address the claim for A
being of tracial rank at most one. We will use [15, Theorem 4.7] with
our A as their B and Z⋊γG as their A to show that A⊗ (Z ⋊γG) has
tracial rank at most one and satisfies the UCT. Hence by Proposition
5.1 A⋊ω G has tracial rank at most one and satisfies the UCT. Now if
A was also tracial rank zero, then it is real rank zero and Proposition
5.4 tells us that A ⋊ω G is real rank zero. But we know that if an
algebra is unital simple of tracial rank at most one and real rank zero,
then it has tracial rank zero (see for example [13, Lemma 3.2]). 
Here is a curious result in the converse direction.
Theorem 5.6. Let A be a unital separable simple Z-stable C∗-algebra
and let G be a countable discrete elementary amenable group. Let ω
be as in Definition 3.1 and let γ be as in Definition 2.2. If Z ⋊γ G
satisfies the UCT and A ⋊ω G has rational tracial rank at most one,
then A has rational tracial rank at most one.
Proof. Let B = Z ⋊γ G and note A⊗B = A⋊ω G by Proposition 5.1.
We now apply Lin-Sun [15, Theorem 4.2] using Propositions 4.1 and
5.4, and Theorem 4.9 to verify their hypotheses. 
We specialise Theorems 5.5 and 5.6 to the case of the integers.
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Corollary 5.7. Suppose A is a unital separable simple nuclear Z-stable
C∗-algebra satisfying the UCT and ω is as in Theorem 3.5. Then A⋊ωZ
is a unital separable simple nuclear Z-stable C∗-algebra satisfying the
UCT. We also have
• A has rational tracial rank at most one if and only if A ⋊ω Z
has rational tracial rank at most one.
• If A has rational tracial rank zero, then A ⋊ω Z has rational
tracial rank zero.
• If A has tracial rank at most one, then A⋊ω Z has tracial rank
at most one.
• If A has tracial rank zero, then A⋊ω Z has tracial rank zero.
• Ki(A⋊ω Z) = K0(A)⊕K1(A) for i = 0 or 1.
Proof. Proposition 5.4 tells us that A ⋊ω Z is unital separable sim-
ple nuclear and Z-stable. The UCT is always preserved by crossed
products by Z. For the claim about rational tracial rank, the forward
implication is given by Theorem 5.5 with G = Z and the converse by
Theorem 5.6 with G = Z. Since Z ⋊γ Z always satisfies the UCT, the
next three claims all follow from Theorem 5.5 with G = Z. For the
K-groups, we use the Kunneth Theorem for tensor products combined
with knowing the K-groups of Z ⋊γ Z from Corollary 4.10. 
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